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How hard is a colloidal ‘‘hard-sphere’’ interaction?
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Poly-12-hydroxystearic acid~PHSA! is widely used as a coating on colloidal spheres to provide a ‘‘hard-
sphere-type’’ interaction. These hard spheres have been widely used in fundamental studies of nucleation,
crystallization, and glass formation. Most authors describe the interaction as ‘‘nearly’’ hard sphere. In this
paper we directly measure this interaction, using layers of PHSA adsorbed onto mica sheets in a surfaces force
apparatus. We find that the layers, in appropriate solvents, have no long-range interaction. When the solvent is
decahydronaphthalene~decalin!, the repulsion rises from zero to the maximum measurable over a distance
range of 15–20 nm. The data is converted to equivalent forces between spheres of different diameters, and
modeled using a hard core potential. Using zeroth-order perturbation theory and computer simulation, we
demonstrate that the equation of state does not deviate from that of a perfect hard-sphere system under any
relevant experimental conditions.
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I. INTRODUCTION

Sterically stabilized colloidal particles have been used
a model for hard spheres for a number of years by m
different groups~e.g., Refs.@1–5#!. They represent an exce
lent model system for studying crystallization and vitrific
tion at a fundamental level. It has been assumed that th
experimental systems behave as perfect hard spheres
indeed these systems have been assigned a reference
for the glass transition@6#.

Recent progress in classical nucleation theory has resu
in the successful calculation of the absolute nucleation
using Monte Carlo techniques@7,8#. Nucleation rates have
been predicted to depend sensitively on the interaction s
ness@8#, and they have also been compared to results
tained from confocal microscopy experiments on dispersi
of charge stabilized spheres@9#. However, an incomplete
characterization of the effective pair potential did not allo
for a rigorous testing of the theory. Clearly, a detailed kno
edge of the pair interactions for model colloidal systems is
the utmost importance. Here we address the effect of par
softness for sterically stabilized colloidal spheres without
added complication of polydispersity.

There have been several tests of the validity of the ha
sphere assumption for poly-12-hydroxystearic acid~PHSA!
coated particles. Sedimentation studies@1,10# show that the
experimental miscibility gap~i.e., the difference between th
melting and freezing volume fractions! agrees with theoreti-
cal predictions, which means that freezing occurs at the
fective hard-sphere volume fraction of 0.494 and melt
occurs at 0.545, within experimental errors. However, this
a very imprecise test, as the miscibility gap is insensitive
the detailed shape of the interaction@11#. In addition, this
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measure only tests the validity of the hard-sphere mode
the phase boundaries. There is also the further complica
that polydispersity can affect the miscibility gap@12#, and
this parameter is often poorly characterized. Viscosity m
surements of dilute suspensions@10# can be used to deter
mine the effective hard-sphere radius, but it would not
expected that such dilute suspensions would be affected
particle softness to the same extent as the high density m
stable or glassy phases found in phase transition studies.
force between PHSA layers has been measured@13#, but here
comparisons were made with rheological properties, and
work did not address the nature of the hard-sphere inte
tion.

So while there is good evidence that these sterically
bilized particles behave as ‘‘nearly’’ hard-spheres, t
‘‘nearly’’ needs to be better characterized. In this paper
perform experiments to directly measure the interactions
tween the layers of PHSA, which comprise the ‘‘har
sphere’’ layer around the particles. We fit a hard core fu
tion to the experimental data for a range of relevant value
particle radius, and using this we obtain the equation of s
from Monte Carlo simulations. The effective hard-sphere
ameter is fixed using zeroth-order hard-sphere perturba
theory. We apply this to particles of different diameters ov
the colloidal range of particle sizes, and determine how cl
the particles are to being perfect hard spheres.

II. THEORY AND METHODS

A. Theory

Simulations of the phase behavior of spheres with pur
repulsive potentials usually either consist of perfect h
spheres, or a continuous soft-sphere potentialU(r ) with the
form

U5«~s/r !n, ~1!
©2002 The American Physical Society01-1
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where« is the strength of the interaction,r is the center-to-
center separation,s is the range of the interaction, andn is
the repulsive index.

In order to model the experimental condition of a ha
core with a soft potential, we choose the following form f
a hard-core potential:

u~r !5`, r ,sh ,

u~r !5
«

F S r

sh
D n

21G , r .sh . ~2!

This form represents an infinitely hard core with a diame
sh surrounded by a ‘‘soft’’ potential, characterized by th
repulsive indexn. This equation has enough independen
free parameters to allow the experimental force meas
ments to be accurately fitted.

B. Zeroth-order perturbation theory

In order to compare systems with potentialsu(r ) of the
form given by Eqs.~1! and ~2! to hard-sphere systems, w
need to determine an effective hard-sphere diameter. Th
fective hard-sphere diametersBH may be obtained by the
method of Barker and Henderson@14#, which is derived by
annulling the first-order difference between the Helmho
free energy of the hard-sphere system and the system
pair potentialu(r ). This gives@14#

sBH5E
0

`

12e2u(r )/kT dr. ~3!

C. Simulation details

Simulations were performed using molecular dynam
and Monte Carlo techniques. The equation of state data
the soft-sphere potential, Eq.~1!, was obtained by the use o
molecular dynamics in the canonical ensemble employ
the Verlet algorithm@15# with a Gaussian thermostat@16#.
Equation of state data for the hard-core potential, Eq.~2!,
was obtained by Monte Carlo simulations in the isotherm
isobaric ensemble@15#. The choice between the two simula
tion methods was made for convenience.

D. Comparing hard-core force and SFA measurements

Differentiating the hard-core potential@Eq. ~2!# with re-
spect tor gives the force

F~r !5

«n

sh
S r

sh
D n21

F S r

sh
D n

21G2 . ~4!

The surface force apparatus~SFA! measures the force as
function of surface-to-surface separationd between two
curved surfaces in a crossed cylinder configuration. T
06050
r

e-

ef-

z
ith

s
or

g

l-

is

force can be related to the energy per unit area betw
parallel plates byEuu(d) by, e.g., Ref.@17#:

FSFA~d!

R
52pEuu~d!, ~5!

whereR is the radius of curvature of the surfaces in the S
('2 cm).

But Euu(d) may also be related to the force between tw
spheres of diametersc by, e.g., Ref.@17#:

F~d!

sc /2
5pEuu~d!. ~6!

Thus the force between two spheres of diametersc may be
related to the SFA measurements. In order to compare w
the hard-core model, we write it as a function of center-
center separationr by the transformationr 5d1sc , which is
valid for r .sc . The force between two spheres can then
determined by the expression

F~r !5
sc

4R
FSFA~r !. ~7!

In general,sc will be different compared tosh @Eq. ~2!#. In
the SFA, the zero position is defined as contact between
mica sheets. In the case of colloidal particles, this is equ
lent to contact between the particle cores~i.e., it does not
include the thickness of the PHSA layer!. So sc represents
the diameter of the particle cores, andsh represents the di-
ameter at which the hard-core potential becomes infinit
i.e., the separation at which the PHSA layers are fully int
digitated.

From Eq.~7!, it is clear that the equivalent force betwee
pairs of particles with different diameters increases w
sphere diameter. Essentially, as the particle diameter
creases, a larger area of surface is closer to the neighbo
particle, so the strength of the interaction increases.

III. EXPERIMENT

The SFA@18# allows the measurement of the force as
function of the distance between two molecularly smoo
surfaces separated by a liquid. The force is measured w
cantilever spring (61 mN), and the distance is obtained b
multiple beam interferometry (60.2 nm). The two surfaces
are arranged in a crossed cylinder geometry~radiusR).

Two solvents were used. Decahydronaphthalene~mixed
cis and trans, 98% Janssen!, referred to by its commercia
name decalin; andn-dodecane~Merck, 99%!. The PHSA was
from the RMIT department of Applied Physics Colloid
Laboratory. All solvents were filtered through a 0.5-mm filter
before use. The PHSA was dissolved in the appropriate
vent ~decalin or dodecane!, until no more could be dissolved
by simple mixing. This solution was then filtered.

The glass cylindrical lenses with attached mica we
placed in the PHSA solution for 15 min~decalin! or 10 min
~dodecane! in order to allow the PHSA to deposit on th
mica. After this, the lenses were removed and rinsed of
cess PHSA by shaking for about a minute in pure solve
1-2
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They were then transferred to another container of fresh
vent, and allowed to sit for 30 min prior to transferring to t
SFA. Once in the SFA, a drop of the solvent (;50 m l) was
placed between the mica surfaces. The SFA was then se
and transferred to the experimental chamber. After wait
for approximately 30 min for equilibration, the experimen
were begun. Experiments were conducted at 24 °C.

The forces are measured by cycles of bringing toget
and separating the surfaces. To test the reproducibility of
measurements for each case studied, two different exp
ments, i.e., with different pairs of mica surfaces, were p
formed, and in each experiment, three cycles were p
formed. No hysteresis was observed within the experime
error. After drift correction, the results for all curves we
averaged to yield the final results. The raw SFA results w
then converted to an equivalent force between sphere
diametersc using Eq.~7!.

IV. RESULTS AND DISCUSSION

Figure 1 shows the average data converted to the equ
lent force between spheres for core diameterssc of ~a! 50
nm and~b! 800 nm. In both cases the repulsion begins to r
above the background at about 11 nm from the surface.
the 800-nm particles, however, the force is about 10 tim
larger than for the 50-nm particles. Although the two fits u
the same raw data, there is no universal curve, as both
magnitudes of the force and separation at which it occurs,
dependent on the core diameter chosen@Eq. ~7!#. Thus the
fits need to be carried out for each core diameter to de
mine how hard the interaction will be.

The lines in the figure represent the best fits to the d

FIG. 1. Force as a function of diameter for spheres with c
diameters of~a! 50 nm and~b! 800 nm. The points represent th
experimental data, and the lines are the best fits using Eq.~2!. Error
bars are the standard deviations of the values from six curves.
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assuming the hard-core form of the force@Eq. ~2!#. The fit
parameters for these two diameters are shown in Tabl
along with the parameters for particles with diameters
tween these two extremes.sc is the core diameter of the
PMMA particles, and corresponds to the optical core m
sured by light scattering@19#. In the SFA it corresponds to
the bare mica touching. The difference between the core
ameter andsh is 6.260.1 nm, so this distance is universa
as would be expected.

The other parameters are much more imprecise from
fits, but the trend is clear. Both the repulsive indexn and the
strength of the repulsion« increase with increasing diamete
Only for the very small particles is the value ofn approach-
ing a value small enough that there may be some deviat
from perfect hard-sphere behavior. The maximum range
the interaction~i.e., the distance from contact where the for
first deviates from the large separation background! is about
11 nm. Between 11 and 15 nm, there are no data points
there may be some very small interaction out to about 15

How does this compare with other known facts about
particles? The core diameter of a colloidal particle can
determined optically with a high degree of accuracy@19,20#.
The PHSA layer on the colloidal particles is estimated,
optical methods, to have a thickness between 8 and 15
~the variation is due to slight differences between differe
particle preparations and different particle sizes!. So, one
would assume that the interaction would begin when
PHSA layers begin to overlap, about 8–15 nm, and this
consistent with the 11–15 nm range measured. The m
mum repulsion occurs at 6.2 nm, about half this distance
this point the PHSA layers are maximally interdigitated, a
the force of repulsion becomes exceedingly large.

In Table I the strength« is also shown in units ofkT.
Even for the smallest particle diameter the spheres are
hard, as«;36kT, high enough that Brownian particle
would never come this close together. Also shown in Tab
is the calculated core diameters1kT when the energy is equa
to 1kT. This indicates that under normal Brownian cond
tions, particles would rarely come much closer together th
this separation, and that this distance approximates an
fective’’ hard-sphere diameter.

This analysis shows that the particles should behave
perfect hard spheres under most conditions. However, to

TABLE I. Fit parameters obtained from fitting the hard-co
force @Eq. ~2!# to the experimental force data. Equation~5! is used
to convert from the SFA measurements to the equivalent force
tween spheres of diametersc . sBH is the effective hard sphere
diameter, determined by the method of Barker and Henderson~10!,
Eq. ~3!. All fits have anR2 value of 0.994.

sc sh n « « s1kT sBH

~nm! ~nm! (10221 J) (kT) ~nm! ~nm!

50 56.21 46 149 36 60.8 61.59
100 106.20 87 296 72 111.6 112.32
200 206.20 170 599 146 212.3 213.07
400 406.19 363 1351 329 412.7 413.39
800 806.17 772 3041 739 813.0 813.71

e
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ther test this, and to accurately determine an effective h
sphere diameter, it is necessary to determine the phase
havior of particles with these parameters. Experimenta
hard-sphere colloidal systems have their volume fracti
scaled such that the freezing volume fraction coincides w
the known freezing volume fraction of the perfect ha
sphere~0.494!. Here we do a very similar scaling by emplo
ing Eq. ~3! to set the effective hard-sphere diameter. T
results are shown in Fig. 2. It can be seen that the la
spheres~800 nm! follow the hard-sphere equation of sta
perfectly even at pressures above those where studie
glassy samples are typically performed. The 50-nm partic
are slightly softer, and the system is able to be squashe
slightly larger densities than perfect hard spheres, at the l
est pressures shown. Also shown on the graph are the re
for a soft-sphere potential withn536 @Eq. ~1!#. Here the
particles are a good deal softer, and the system is able t

FIG. 2. Comparison of the known hard-sphere equation of s
~solid lines! with the simulations. The pressure is in dimensionle
units such thatP* 5PsBH

3 /kT. Simulated values are shown fo
hard-core potentials fitted to the SFA measurements converte
obtain the force@Eq. ~7!# between colloidal particles of diamete
50 nm ~open circles! and 800 nm~filled diamonds!. Also shown is
the soft-sphere potential@Eq. ~1!# with a power ofn536 ~crosses!.
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compressed to higher densities at pressures around the
librium order-to-disorder transition. The experimental ha
spheres are much harder than this. The effective hard-sp
diameters calculated using the method of Barker and He
erson @14#, Eq. ~3!, sBH are shown in Table I. As can b
seen, they are very similar to thes1kt values, which makes
sense for a thermal system. These values represent the
ration at which the PHSA layers are just beginning to int
act.

These experiments have been carried out in one solv
decalin. In principle, we would expect there to be simi
results in other compatible organic liquids, as the predo
nant effect is that due to the PHSA layer, rather than
solvent. To test this, we also conducted experiments in do
cane~data not shown!. These give similar results, with th
same hard-core distance, and a slightly softer repulsion~for
example, for a 50-nm-diameter particle,n534 in dodecane
and 46 in decalin!, which would make very little difference
to the phase diagram. So the particles would be equally g
hard spheres in dodecane, and it would be expected tha
short-range interactions would be equally hard in other co
patible solvents.

V. CONCLUSIONS

We have shown that colloidal hard spheres coated w
PHSA have a sufficiently hard interaction that there is
deviation from the hard-sphere phase behavior up to volu
fractions, in the solid phase, of at leastf50.65 ~here the
pressure corresponds to a glassy phase off50.60) for par-
ticles as small as 50 nm diameter. As particle diameter
creases, the hardness of the interaction increases. Thus
particles behave as perfect hard spheres for studies of
glass transition. For experiments involving high shear ra
the deviations from hard-sphere behavior could beco
more pronounced, however, the pair potential has now b
characterized.
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